Faraday-rotation self-interference method for electron beam duration measurement in the laser wakefield accelerator by Liu, Jiaqi et al.
Faraday-rotation self-interference method for 
electron beam duration measurement in the laser 
wakefield accelerator 
Jiaqi Liu(刘佳琦)1,2, Wentao Li(李文涛)1,3*, Jiansheng Liu(刘建胜)1,4**, Zhiyong Qin(秦志勇)1,2, 
Wentao Wang(王文涛)1, Rong Qi(齐 荣)1, Zhijun Zhang(张志钧)1, Changhai Yu(余昌海)1, Ming 
Fang(方 明)1,2, Cheng Wang(王成)1, and Ruxin Li(李儒新)1,4,5*** 
1Shanghai Institute of Optics and Fine Mechanics, Chinese Academy of Sciences, Shanghai 201800, China 
2University of Chinese Academy of Sciences, Beijing 100049, China 
3Department of Physics, SUPA and University of Strathclyde, Glasgow G4 0NG, United Kingdom 
4IFSA Collaborative Innovation Center, Shanghai Jiao Tong University, Shanghai 200240, China 
5School of Physical Science and Technology, ShanghaiTech University, Shanghai 200031, China 
*Corresponding author: wentao.li@strath.ac.uk; ** corresponding author: michaeljs_liu@siom.ac.cn; *** 
corresponding author: ruxinli@mail.siom.ac.cn 
 
Abstract 
A real-time single-shot measurement of the femtosecond electron beam duration in the laser wakefield accelerators was 
discussed for both experimental design and theoretical analysis, which combines the magnetic field based polarimetry and 
optical interferometry. The probe pulse polarization is rotated by the azimuthal magnetic field of the electron beam and 
then introduced into a Michelson-type interferometer for self-interference. The electron beam duration is obtained from the 
region size of the interference fringes, which is independent of the pulse width of the probe laser. Using a larger 
magnification system or incident angle, the measurement resolution can be less than 1 𝑓𝑠. 
 
1. Introduction 
Great improvements have been achieved in laser wakefield accelerators (LWFAs) in 
the past few years.[1, 2] Stable quasi-monoenergetic electron beams from LWFA are 
available using the steady laser equipment and gas cell.[3, 4] Electron beams with GeV 
energy have also been demonstrated with self-injection[4, 5], ionization injection[6, 7] and 
cascaded LWFA[8]. These progresses paved the road towards the applications such as 
radiation source[9] and ultra-fast imaging. The precise and complete diagnostics for the 
electron beams are necessary before extending these applications. However, among all the 
parameters, some can be measured by the traditional methods, such as the energy 
spectrum and beam charge; others are completely beyond these methods’ abilities. For 
instance, measurement of the electron beam duration is important for its application in 
obtaining ultrashort and high brilliant X-ray source. According to the particle-in-cell (PIC) 
simulation results,[10] the electron beam duration is inherently shorter than the plasma 
wave length, which is typically in a range of 10 − 30 𝜇𝑚 for plasma density of 1018 𝑐𝑚−3. 
The electron beam duration is usually shorter than 10 fs, which is too short to be measured 
by the traditional techniques.  
 Coherent transition radiation (CTR) in THz spectral region, which is emitted when 
the electron beam transmits through a metal foil, has been used as a single-shot 
measurement of the electron beam duration longer than 30 𝑓𝑠 .[11] The near- to mid-
infrared CTR spectroscopy has also been reported to be used to measure the electron beam 
with durations of a few femtoseconds,[12] but it can not obtain the beam shape in the 
single-shot mode and has a limited detecting range. Electron oscillation of its energy 
distribution caused by the laser field was also used to measure its duration,[13] but the 
electron beam quality would be affected during the measurement. Real-time measurement 
of beam duration by magnetic field of the accelerated electron beam inside the wake has 
also been demonstrated.[14] However, the length of the polarization-rotated probe laser 
𝜏𝑟𝑜𝑡 is the convolution of the beam duration 𝜏𝑏𝑒𝑎𝑚, transit time (time for the probe laser 
transmits the azimuthal magnetic field region) 𝜏𝑡𝑟𝑎𝑛𝑠, imaging resolution 𝜏𝑟𝑒𝑠 and probe 
laser duration 𝜏𝑝𝑟𝑜 , which add quadratically. Among all these parameters, 𝜏𝑝𝑟𝑜  will 
sufficiently enlarge the result because it’s much longer than 𝜏𝑏𝑒𝑎𝑚. Additionally, 𝜏𝑝𝑟𝑜 is 
sensitive to the group-velocity dispersion[15], which also introduces inaccuracy in the beam 
duration. Therefore, a probe laser within 10 𝑓𝑠 is required in this scheme. Such a short 
pulse is difficult to obtain with current facilities and additional synchronization equipment 
is required.   
In this letter, we present a Faraday-rotation self-interference (FRSI) method for the 
measurement of an electron beam with duration of femtosecond. This method is a 
combination of the Faraday-rotation effect[16] and the Michelson-type interferometry. The 
polarization of the probe laser is rotated by the azimuthal magnetic field of the electron 
beam, just as the reference [14] descripted. The difference is that the Glan-laser polarizer 
only allows the transmission of the polarization-rotated light. And the transmitted light is 
incident into a Michelson-type interferometer for self-interference after a magnification 
system. Because the region size of the interference fringes is only related to the magnetic 
field region of the electron beam, it is independent of 𝜏𝑝𝑟𝑜. By adjusting the magnification 
and the angle between the interfering light beam, the electron beam duration resolution of 
FRSI can be improved as short as 1 𝑓𝑠.  
 
2. Operation of the Faraday-rotation self-interference (FRSI) method 
 FRSI is based on two well-known techniques, the Faraday-rotation effect caused by 
the azimuthal magnetic field of the electron beam, and the Michelson-type interferometer. 
The first mode of the experimental set-ups that using the Faraday-rotation effect is similar 
to the scheme in reference[14] as shown in Fig. 1. The probe light beam is split from the 
driving pulse, which propagates perpendicularly to the driver and accelerated electron 
beam. A delay line can be used to adjust the synchronization between the probe light and 
driving laser. Because the electron beam in LWFAs has a high energy, charge (~100 pC) 
and ultrashort duration (~10 fs), the generated current can be as high as ~10 kA, which 
leads to a surrounding strong azimuthal magnetic field. The azimuthal magnetic field is 
several orders of magnitude higher than that generated by the displacement current in the 
bubble, which is homogenous in the longitudinal direction. The strong magnetic field of the 
electron beam will change the polarization of the transverse incident probe laser passing 
above or below the electron beam inversely because of the Faraday-rotation effect. The 
angle of the probe laser polarization rotated by the azimuthal magnetic field ?⃗? 𝜑  is 
calculated by 
 𝜑𝑟𝑜𝑡 =
𝑒
2𝑚𝑒𝑐𝑛𝑐𝑟
∫ 𝑛𝑒?⃗? 𝜑 ∙ 𝑑𝑠 𝑙 , (1) 
where 𝑚𝑒 , 𝑒 and 𝑐 are the electron mass, electron charge and light speed in vacuum. 
𝑛𝑐𝑟 ≈ 1.72 × 10
21 𝑐𝑚−3 is the critical density for the probe pulse of a 0.8 𝜇𝑚 wavelength, 
and 𝑛𝑒 is the electron density. 𝑑𝑠  is the path element along the propagation path 𝑙 of the 
probe pulse through the plasma region. 
 
Figure 1．Layout of the polarization-rotated light by the azimuthal magnetic field, which 
is generated by the accelerated electron beam. The polarizations of the light passing above 
and below the beam are rotated oppositely.  
 
A Glan-laser polarizer with a 90-degree angle away from the initial probe pulse 
polarization is located before the entrance of interferometer. The extinction ratio of the 
Glan-laser polarizer is 105: 1 so that it only allows the transmission of the light with 
polarization rotated by the magnetic field, as two dark regions in cylinder shape in Fig. 1. 
Because the velocity of the electron beam is almost identical to the light speed, the dark 
region is oblique. The angle between the axis of the cylinder and the propagation direction 
of the probe light is 45𝑜 . Before entering the Michelson-type interferometer, the 
polarization-rotated region of the probe light is magnified by a pair of lens. 
In the Michelson-type interferometer, the incident probe light is split into two beams 
(L1 and L2) by a 50:50 beamsplitter. L1 is reflected and flipped horizontally by a mirror, as 
shown in Fig. 2. L2 is reflected by a right-angle prism for two times. The orientation angle 
of the regions of L1 and L2 are symmetrical along the Z-axis in the (𝑥, 𝑧) plane. A small 
incident angle 𝜃 is introduced between the propagation directions of these two beams by 
adjusting the mirror. As a result, L1 and L2 interfere with each other in the overlapping 
region, which is recorded by a CCD camera. Since the region size of the interference fringes 
only depends on the scale of the magnetic field region, which is not affected by the probe 
beam duration, the length of the electron beam can be determined from width and height 
of the interference region with high accuracy. 
 Figure 2. Layout of the Michelson-type interferometer. The polarizer angle is 90-degree 
angle away from the initial polarization of the probe laser, which only allows the 
transmission of the polarization-rotated light. The probe beam is amplified N times by a 
pair of lens and then split into L1 and L2 by a beamsplitter. L1 and L2 interfers with each 
other and the interference fringes is recorded by a CCD camera. 
 
3. Theoretical analysis of the FRSI method 
 The distribution of the rotation angle 𝜑𝑟𝑜𝑡 on the probe pulse can be calculated from 
the PIC simulation result from Eq. (1). Fig. 3(a) shows a typical magnetic field distribution 
of the electron beam in the transverse cross-section in the self-injected LWFA simulation 
results with parameters of 𝑎0 = 2  and 𝑛𝑒 = 6 × 10
18 𝑐𝑚−3 , where the electron beam 
propagates along the Z-axis. The magnetic field caused by displacement current is 
negligible compared to that caused by the accelerated electron beam. The rotation angle of 
the polarization can be calculated by tracking the magnetic field and electron density 
distribution in the propagation route of the probe light without considering the movement 
of the electron beam along the Z-axis during the transition process. Fig. 3(b) shows the 
distribution of the rotation angle 𝜑𝑟𝑜𝑡 on the probe pulse. As we discussed before, 𝜑𝑟𝑜𝑡 is 
mainly introduced by the magnetic field of the electron beam and the contribution from the 
displacement current in the bubble is rare. 
 Figure 3. (a) Magnetic field distribution and (b) rotation angle of the polarization calculated 
by tracking the magnetic field and the electron density in the propagation route of the 
probe laser using Eq. (1) in the (𝑦, 𝑧) plane from PIC simulations. Distribution of the 
polarization rotation angle considering a Gaussian magnetic field profile (c) without and 
(d) with considering the transit time of the probe light.  
  
To clarify the relation between the region size of the interference fringes and electron 
beam duration, the analytical description of the polarization rotation angle distribution is 
required in our scheme. Since azimuthal magnetic field is rotational symmetrical round 
the Z-axis, and only the polarization of the light above and below the electron beam can be 
rotated by the magnetic field, 𝜑𝑟𝑜𝑡 is inversion symmetry around the Z-axis. Therefore, we 
only consider the top half of the rotation angle for simplicity. The analytic calculation can 
be further simplified by assuming that it has the Gaussian intensity profile in the (𝑦, 𝑧) 
plane, where (0,0) is defined as the position with the maximum rotation angle 𝜑0. The 
magnetic field region is assumed to have a full width at half maximum (FWHM) of 𝑟𝑚𝑎𝑔 
along the Y-axis and a full length at half maximum (FLHM) of 𝐿𝑚𝑎𝑔  along the Z-axis, 
among which 𝐿𝑚𝑎𝑔 is identical to the FLHM electron beam duration. Without considering 
the transit time of the probe laser, the distribution of the rotation angle 𝜑𝑟𝑜𝑡 in the (𝑦, 𝑧) 
plane is formulated as 
 𝜑𝑟𝑜𝑡(𝑦, 𝑧) = 𝜑0𝑒
−4 𝑙𝑛 2[
𝑦2
𝑟𝑚𝑎𝑔
2 +
z2
𝐿𝑚𝑎𝑔
2 ]
, (2) 
The distribution map from Eq. (2) is shown in the top half in Fig. 3(c), which agrees well 
with the simulation result in the bottom half in Fig. 3(c). Further, if transit time of the 
probe pulse through the azimuthal magnetic field is considered as 2𝑟𝑚𝑎𝑔 𝑐⁄ , the 
distribution of the rotation angle can then be expressed as 
 𝜑𝑟𝑜𝑡(𝑦, 𝑧, 𝑡) = 𝜑0𝑒
−4 𝑙𝑛 2[
𝑦2
𝑟𝑚𝑎𝑔
2 +
(𝑧−𝑐𝑡)
2
𝐿𝑚𝑎𝑔
2 +4𝑟𝑚𝑎𝑔
2 ]
.  (3) 
The profile is shown in the top half in Fig. 3(d), which is obviously wider along the Z-axis 
than the simulation result in the bottom half in Fig. 3(d). 
 The probe laser pulse propagates along the X-axis with the electric field described as 
𝐸(𝑥, 𝑡) = 𝐸0𝑐𝑜𝑠 (𝜔𝑡 − 𝑘𝑥)𝑒
−2 𝑙𝑛 2(
𝑥−𝑐𝑡
𝑐𝜏𝑝𝑟𝑜
)2
. Its wave front overlaps with the electron beam at 𝑡 =
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−𝜏𝑝𝑟𝑜 and 𝑥 = 0. When it is travelling through the magnetic field region, its polarization 
will be rotated by a small angle of 𝜑𝑟𝑜𝑡(𝑦, 𝑧, 𝑡) degrees. Using the Glan-laser polarizer, 
which is a 90-degree angle away from the initial probe pulse polarization as discussed 
above, the transmitted electric field component is 𝐸(𝑥, 𝑡)𝜑𝑟𝑜𝑡(𝑦, 𝑧, 𝑡). Combing it with the 
Eq. (3), the normal component of the electric field becomes 
 𝐸(𝑥, 𝑦, 𝑧, 𝑡) = 𝐸0𝜑0𝑐𝑜𝑠 (𝜔𝑡 − 𝑘𝑥)𝑒
−2 𝑙𝑛 2[(
𝑥−𝑐𝑡
𝑐𝜏𝑝𝑟𝑜
)2+
2𝑦2
𝑟𝑚𝑎𝑔
2 +
2(𝑧−𝑐𝑡)
2
𝐿𝑚𝑎𝑔
2 +4𝑟𝑚𝑎𝑔
2 ]
. (4) 
Since the polarization of the probe pulse can only be rotated when it passes through the 
magnetic field, the time range for Eq. (4) should be limited from −𝜏𝑝𝑟𝑜 to 𝜏𝑝𝑟𝑜. 
Before the probe light is incident into the Michelson-type interferometer, the probe 
light is magnified N times by a pair of lens. Additionally, if the propagation length of the 
electron beam during the probe light is considered, the axial orientation of the transmitted 
laser in an oblique cylinder shape is 45𝑜 away from the initial propagation direction of the 
probe light. The electric field of the dark region in Fig. 1 can be expressed as 
 𝐸(𝑥, 𝑦, 𝑧, 𝑡) = 𝐸0𝜑0𝑐𝑜𝑠 (𝜔𝑡 − 𝑘𝑥)𝑒
−2 𝑙𝑛 2[(
𝑥−𝑐𝑡
𝑐𝜏𝑝𝑟𝑜
)2+
2𝑦2
𝑁2𝑟𝑚𝑎𝑔
2 +
2(𝑧+𝑥−𝑐𝑡)
2
𝑁2(𝐿𝑚𝑎𝑔
2 +4𝑟𝑚𝑎𝑔
2 )
]
. (5) 
The probe beam will be split equally into two beams, which are noted as L1 and L2 in 
Fig. 2. L1 is reflected by the beamsplitter and mirror for two times, with the inclination 
angle staying 45𝑜  away from the X-axis in the (𝑥, 𝑧)  plane. Meanwhile, L2 will be 
reflected by the right-angle prism and the beamsplitter for three times, and its inclination 
angle becomes 135𝑜 away from the X-axis. L1 and L2 are symmetrical along the Z-axis. 
Both L1 and L2 propagate along the Z-axis after the reflection before entering the CCD 
camera. The electric fields of L1 and L2 become 
 𝐸1(𝑥, 𝑦, 𝑧, 𝑡) =
1
2
𝐸0𝜑0 𝑐𝑜𝑠(𝜔𝑡 − 𝑘𝑧) 𝑒
−2 𝑙𝑛 2[(
𝑧−𝑐𝑡
𝑐𝜏𝑝𝑟𝑜
)
2
+
2𝑦2
𝑁2𝑟𝑚𝑎𝑔
2 +
2(𝑧−𝑥−𝑐𝑡)2
𝑁2(𝐿𝑚𝑎𝑔
2 +4𝑟𝑚𝑎𝑔
2 )
]
, (6) 
 𝐸2(𝑥, 𝑦, 𝑧, 𝑡) =
1
2
𝐸0𝜑0 𝑐𝑜𝑠(𝜔𝑡 − 𝑘𝑧) 𝑒
−2 𝑙𝑛 2[(
𝑧−𝑐𝑡
𝑐𝜏𝑝𝑟𝑜
)
2
+
2𝑦2
𝑁2𝑟𝑚𝑎𝑔
2 +
2(𝑧+𝑥−𝑐𝑡)2
𝑁2(𝐿𝑚𝑎𝑔
2 +4𝑟𝑚𝑎𝑔
2 )
]
. (7) 
From Eq. (6) and (7), the individual intensity profile of L1 or L2 recorded by the CCD 
camera integrated from −𝜏𝑝𝑟𝑜 to 𝜏𝑝𝑟𝑜 will be affected by both the region size of magnetic 
field and the probe pulse duration 𝜏𝑝𝑟𝑜 . A larger region size of the magnetic field can 
expand its scale in the (𝑥, 𝑦) plane. Additionally, 𝜏𝑝𝑟𝑜 will enhance the intensity region 
size along the X-axis. The intensity peaks of L1 and L2 overlap with each other at the origin 
of this new coordinate system at 𝑡 = −𝜏𝑝𝑟𝑜. By adjusting the position and angle of the right-
angle prism, L1 and L2 can be normally incident to the CCD synchronously and these two 
polarization-rotated region will overlap symmetrically around the Z-axis in the (𝑥, 𝑧) 
plane. However, if a tiny angle 𝜃 between L1 and the Z-axis is introduced by adjusting the 
mirror, the electric field of L1 is modified by  
 𝐸1(𝑥, 𝑦, 𝑧, 𝑡) ≈
1
2
𝐸0𝜑0𝑐𝑜𝑠 [𝜔𝑡 − 𝑘(𝑧 + 𝑥𝜃)]𝑒
−2 𝑙𝑛 2[(
𝑧−𝑐𝑡
𝑐𝜏𝑝𝑟𝑜
)
2
+
2𝑦2
𝑁2𝑟𝑚𝑎𝑔
2 +
2(𝑧−𝑥−𝑐𝑡)2
𝑁2(𝐿𝑚𝑎𝑔
2 +4𝑟𝑚𝑎𝑔
2 )
]
. 
 (8) 
L1 and L2 can interfere with each other in the (𝑥, 𝑦) plane, which is recorded by a CCD 
camera. The intensity profile of the two probe beams can be obtained by substituting 
equation (7) and (8) into the equation 
 𝐼(𝑥, 𝑦, 𝑧, 𝑡) = |𝐸1(𝑥, 𝑦, 𝑧, 𝑡) + 𝐸2(𝑥, 𝑦, 𝑧, 𝑡)|
2, (9) 
and the image recorded by the CCD camera located in plane 𝑧 = 𝑧′ can be expressed as 
 𝐼𝐶𝐶𝐷(𝑥, 𝑦) = ∫ |𝐸1(𝑥, 𝑦, 𝑧, 𝑡) + 𝐸2(𝑥, 𝑦, 𝑧, 𝑡)|
2𝛿(𝑧 − 𝑧′)𝑑𝑡
𝜏𝑝𝑟𝑜
−𝜏𝑝𝑟𝑜
. (10) 
The interference-term in Eq. (10) is 
 𝐼12(𝑥, 𝑦) ∝ 𝐼12 ∫ 𝑐𝑜𝑠(𝑘𝑥𝜃) exp {−4 𝑙𝑛 2 [
(𝑧′−𝑐𝑡)
2
(𝑐𝜏𝑝𝑟𝑜)
2 +
2𝑦2
𝑁2𝑟𝑚𝑎𝑔
2 +
2𝑥2+2(𝑧′−𝑐𝑡)
2
𝑁2(𝐿𝑚𝑎𝑔
2 +4𝑟𝑚𝑎𝑔
2 )
]}
𝜏𝑝𝑟𝑜
−𝜏𝑝𝑟𝑜
𝑑𝑡. (11) 
From Eq. (10) and (11), the image recorded by CCD can be considered as the mixture 
of a background intensity profile and interference fringes. The scale of the background 
intensity profile will be expanded for both a larger magnetic field region and longer 𝜏𝑝𝑟𝑜 
as we discussed before. However, as the term ∫ exp {−4 𝑙𝑛 2 [
(𝑧′−𝑐𝑡)
2
(𝑐𝜏𝑝𝑟𝑜)
2 +
2(𝑧′−𝑐𝑡)
2
𝑁2(𝐿𝑚𝑎𝑔
2 +4𝑟𝑚𝑎𝑔
2 )
]}
𝜏𝑝𝑟𝑜
−𝜏𝑝𝑟𝑜
𝑑𝑡 
only modulates the intensity peak of the interference fringes, the region scale of the 
interference fringes in the (𝑥, 𝑦) plane is independent of 𝜏𝑝𝑟𝑜. The interference fringes are 
limited in a range with FWHM sizes of 𝑁𝑟𝑚𝑎𝑔 √2⁄  in the Y-axis and 𝑁√(𝐿𝑚𝑎𝑔2 + 4𝑟𝑚𝑎𝑔2 ) √2⁄  
in the X-axis. The fringe interval along the X-axis is only determined by 𝜃. 𝜏𝑝𝑟𝑜  only 
affects the intensity of the interference fringes. Therefore, by measuring the height and 
the width of the interference region, the duration of the electron beam 𝐿𝑚𝑎𝑔  could be 
determined.  
 
4. Measurement of the electron beam duration with the FRSI method 
 The magnetic field region radius and electron beam duration can be determined from 
the region size of the interference fringes, which is recorded by the CCD camera. Here we 
offer a theoretical example when the probe beam has a duration of 100 𝑓𝑠 and magnetic 
field has a duration and radius of 5 𝑓𝑠 and 2 𝜇𝑚 for explanation. The beam waist of the 
polarization-rotated light is magnified 10 times by the magnification system before the 
Glan-laser polarizer. And the angle 𝜃 between L1 and L2 is assumed to be 5𝑜. The pixel 
size of the CCD camera is assumed to be 5 𝜇𝑚, considering the magnification ratio, the 
spatial resolution of the intensity profile is 0.5 𝜇𝑚 . Fig. 4(a) shows the intensity 
distribution 𝐼2 of the single beam L2 on the camera imaging plane, which is calculated 
from Eq. (7). Fig. 4(b) shows the intensity profile 𝐼𝐶𝐶𝐷 in the overlapping region of L1 and 
L2 from Eq. (10), which contains the interference fringes. Fig. 4(c) and (d) plot the 
normalized intensity traces integral along the Y-axis and X-axis of the intensity profile in 
Fig. 4(a), respectively. Fig. 4(e) shows the normalized intensity trace integral along the Y-
axis of the intensity profile in Fig. 4(b). The individual interference fringes 𝐼12 is retrieved 
by 𝐼12 = 𝐼𝐶𝐶𝐷 − 2𝐼2, and the normalized intensity trace integral along the Y-axis is plotted 
in Fig. 4(f). The scale of the interference fringes are calculated from the intensity envelopes 
in Fig. 4(c) and (f), whose FWHM are 14.5 𝜇𝑚 and 31.5 𝜇𝑚, respectively. According to the 
analysis above, the radius 𝑟𝑚𝑎𝑔  and duration 𝐿𝑚𝑎𝑔  of the magnetic field can be 
determined to be 2.05 𝜇𝑚 and 1.74 𝜇𝑚 (5.8𝑓𝑠), which are quite consistent with the preset 
values. 
 Figure 4. Intensity distributions of (a) L2 from Eq. (7) and (b) the interference fringes of 
L1 and L2 from Eq. (10) on the CCD imaging plane with 𝜏𝑝𝑟𝑜 = 100𝑓𝑠 . Normalized 
intensity traces of the intensity distribution of L2 integral along the (c) X-axis and (d) Y-
axis. (e) Normalized intensity profile of the overlapping region integral along the (c) Y-axis. 
(f) Individual intensity of the interference fringes in the X-axis.  
 
With the FRSI method, the electron beam can be measured even by the probe beam 
with a longer pulse duration because the region size of the interference fringes is not 
influenced by 𝜏𝑝𝑟𝑜. This is more obvious if the duration of the probe laser is increased from 
100 𝑓𝑠 to 250 𝑓𝑠 with other parameters unchanged. For the measurement without self-
interference, the intensity profile in the imaging plane of the CCD camera will be widened 
in the X direction due to the contribution of the probe beam duration, as shown in Fig. 5(a) 
and (d). Moreover, the width of the background intensity profile in the Y-axis in Fig. 5(c) is 
unchanged compared to the result in Fig. 4(c). The intensity distribution in the overlapping 
region also has a larger scale in the X-axis as presented in Fig. 5(b) and (e) compared with 
those in Fig. 4(b) and (e). However, the individual intensity profile of the interference 
fringes in Fig. 5(f) is as the same as the result in Fig. 4(f), which means that the 
measurement results are the same for a longer 𝜏𝑝𝑟𝑜. The region size of the interference 
region is independent of the probe laser duration. 
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 Figure 5. Intensity distributions of (a) L2 from Eq. (7) and (b) the interference fringes of 
L1 and L2 from Eq. (10) on the CCD imaging plane with 𝜏𝑝𝑟𝑜 = 250𝑓𝑠 . Normalized 
intensity traces of the intensity distribution of L2 integral along the (c) X-axis and (d) Y-
axis. (e) Normalized intensity profile of the overlapping region integral along the (c) Y-axis. 
(f) Individual intensity of the interference fringes in the X-axis. 
 
5. Resolution of the FRSI method 
 In the FRSI method, the most important process is identifying the overlapping region 
from the background intensity. Since the overlapping region is characterized by the 
interference fringes, the measuring error is determined by the fringe interval 𝜂. If 𝜂 is too 
large, the measurement of the region size is inaccurate. As 𝜂 is inversely proportional to 
the propagation angle 𝜃 between L1 and L2 as 𝜂 = 𝜆 𝜃⁄ , the measurement error is smaller 
at a larger 𝜃 as shown in Fig. 6(a). For 𝜃 = 5𝑜, 𝜂 = 9.2 𝜇𝑚. However, 𝜂 has to be larger 
than the pixel size Δ𝑠 of the CCD camera in case the fringes is too close to identify, which 
limits the range of 𝜃. The resolution of magnification system, which is 𝜂 ≈ 𝜆 2𝜃𝑁⁄  , also 
affects the measurement of the region size. The corresponding error in determination of 
the electron beam duration is Δ𝜏 = 𝜂 𝑐⁄ . In the case in Fig. 4 and 5, the duration resolution 
Δ𝜏 ≈ 1.5 𝑓𝑠. As plotted in Fig. 6(b), Δ𝜏 declines with the improvement of N and 𝜃. For 
instance, the measurement error will be as small as ~0.76𝑓𝑠 if N=20 and 𝜃 = 5𝑜. Moreover, 
the measurement inaccuracy of the electron beam duration limited by the CCD pixel size 
is determined by Δ𝐿𝑚𝑎𝑔 = ±Δ𝑠√(𝐿𝑚𝑎𝑔2 + 4𝑟𝑚𝑎𝑔2 ) √2𝑁
2𝐿𝑚𝑎𝑔⁄ . In the case in Fig. 4 and 5, 
Δ𝐿𝑚𝑎𝑔 is nearly ±0.09 𝜇𝑚.  
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 Figure 6. (a) Interference fringe interval vs. the incident angle assuming N=1. (b) 
Resolution of the measurement as function of N for different angle. 
   
6. Conclusions 
In this paper, we design and analyze the FRSI method for the electron beam duration in 
LWFAs, which is based on the faraday-rotation effect by the azimuthal magnetic field of 
the electron beam and Michelson interferometer. The polarization-rotated light is 
introduced into the interferometer to interfere with itself. Because the region size of the 
interference fringes is only related to the electron beam length and the radius of the 
magnetic region, the electron beam length measurement is independent of the pulse 
duration of the probe laser. And the measurement error of the beam duration could be 
reduced to less than 1𝑓𝑠 with a higher magnification and larger incident angle.     
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